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Abstract 
 
Based on the density functional theory for superconductors (SCDFT), we study the pairing mechanism of the layered nitride 
superconductors, β-LixMNCl (M=Zr, Hf). Recently, it has been shown that SCDFT reproduces experimental superconducting 
transition temperatures (Tc) of conventional superconductors very accurately. Here we use SCDFT as a “litmus paper” to determine 
whether the system is a conventional or unconventional superconductor. We show that Tc estimated by SCDFT is less than half of 
the experimental Tc and its doping dependence is opposite to that observed in the experiments. The present result suggests that β-
LixMNCl is not a Migdal-Eliashberg type superconductor. 
 
© 2013 The Authors. Published by Elsevier B.V. Selection and/or peer-review under responsibility of ISS Program Committee. 
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1. Introduction 
 
Since the seminal discovery of high transition-temperature (Tc) superconductivity in cuprates [1], layered 
transition-metal compounds have been attracted considerable attention. Among them, layered nitrides, β-MNCl (M=Zr, 
Hf), are of great interest: While the mother compounds are non-magnetic band insulators with a band gap of a few eV, 
they become superconductors by doping small amount of electrons [2,3]. The maximum Tc is about 26K, which had 
been the second highest record among transition metal compounds until the recent discovery of iron-based 
superconductors.  
As for the pairing mechanism of the nitride superconductors, the problem whether they are conventional Migdal-
Eliashberg (ME) type superconductors or unconventional superconductors is yet to be clear. Although various typical 
behaviours of conventional superconductors have been experimentally observed, there are also several reports 
supporting the unconventional scenario. Theoretically, while ab initio studies based on the ME theory have been 
extensively performed [4,5], various electronic mechanisms such as spin-fluctuation-mediated superconductivity [6] 
and plasmon-assisted superconductivity [7] have been also investigated so far. 
Recently, density functional theory for superconductors (SCDFT) has been formulated [8,9] and extensively 
applied to many conventional superconductors, such as MgB2 [10], calcium intercalated graphite [11], Li, K, and Al 
under high pressures [12], CaBeSi [13] and so on. It has been shown that SCDFT reproduces experimental Tcs of these 
superconductors very accurately without introducing any empirical parameters. Thus we can use this method to 
examine whether the system is a conventional superconductor or not. 
Here we present a result of our SCDFT analysis for the lithium-doped β-MNCl (M = Zr, Hf) superconductors [14]. 
We calculated electronic structures, phonon spectra, electron-phonon couplings, and screened Coulomb interactions, 
and solve the gap equation to estimate Tc.  We especially examined the metallic-atom and doping dependence of Tc. 
We found that Tc estimated by SCDFT is at maximum half of the experimental Tc and its doping dependence is 
opposite to the experiments. These results suggest that we need to go beyond the conventional ME theory to 
understand the origin of high Tc superconductivity in the layered nitrides. 
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2. Method and computational details 
 
In SCDFT, we solve the following gap equation: 
 
Here, n and k denote the band index and crystal momentum, respectively. Δ is the gap function, and β is the inverse 
temperature. The energy Enk is defined as Enk = εnk2 +Δnk2 , and εnk is the Kohn-Sham energy measured from the 
chemical potential. The kernels in the gap function are defined by the second derivative of the exchange-correlation 
energy with respect to the anomalous density. To obtain these kernels, we calculate electronic structures, phonon 
spectra, electron-phonon couplings, and screened Coulomb interactions. In Fig.1, we show the results for Al and Nb. 
We see that SCDFT reproduces the experimental Tcs very accurately. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
       
 
 
 
 
Ab initio electronic and lattice-dynamical calculations were performed for β-LixMNCl (M = Ti, Zr, and Hf) at three 
doping rates x = 0.0, 0.3, and 0.5 with QUANTUM ESPRESSO package [15], where the local density approximation 
(LDA) with the parameterization by Perdew and Zunger [16,17] and the Troullier-Martins norm-conserving 
pseudopotentials [18] were employed. The lattice parameters and internal coordinates were fully optimized. The cutoff 
energies in the wave functions were set to 80 and 90 Ry for the Zr and Hf compounds, respectively. The charge 
density was described with the 8×8×8 k-points and the electronic DOS was calculated using the 32×32×32 k-grids. 
Phonon dynamical matrices were calculated with the 4×4×4 q-points, whereas the electron-phonon couplings were 
calculated with the 4×4×4 q-mesh and the 32×32×32 k-mesh. The polarization matrix was expanded with the plane 
waves with a cutoff of 12.8 Ry and calculated on the 5×5×5 k-grid.  
 
3. Results and discussion 
 
3.1. Estimate of Tc by the McMillan-Allen-Dynes formula 
 
In Fig.2, we show the phonon frequency ωqν and the mode-dependent electron-phonon coupling 
λqν =
1
πN(0)
γqν
ωqν2
for β-Li0.3HfNCl. Here, γqν is the phonon line width and N(0)  is the density of states at the 
Fermi level, respectively. The phonon line width is given as γqν = 2πωqν gk+qn ',knqν
knn '
∑ 2δ(εk+qn ' )δ(εkn ) , where 
gk+qn ',kn
qν is the electron-lattice coupling. The phonon dispersion consists of two bunches of bands; the high-frequency 
Fig.1 Temperature dependence of the SCDFT gap functions for Al and Nb. The thick arrows represent the 
experimental Tc. 
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bands around 500–700 cm 1 and the low-frequency bands around 0–400 cm 1. The high-frequency bands mainly 
originate from the vibrations of the nitrogen atom, while the low frequency ones are formed by the vibrations of the 
lithium, chlorine, and transition-metal atoms. 
For phonon-mediated superconductors, we usually estimate the superconducting transition temperatures using the 
McMillan-Allen-Dynes equation [19,20]: Tc =
ω ln
1.2
exp − 1.04(1+λ)
λ − ∝ *(1+0.62λ)
⎡
⎣⎢
⎤
⎦⎥
. Here, ω ln  is the logarithmic 
averaged frequency which measures the typical energy scale of the phonons and λ = λqν
qν
∑ . In many cases, ∝ * , 
the Coulomb pseudo potential, is treated as an adjustable parameter. For the nitride superconductors, λ is as large as 1, 
so that unless we know the exact value of ∝ * , we cannot examine the validity of the ME theory. 
 
 
Fig. 2 The phonon dispersion and mode dependent electron-phonon coupling for β-Li0.3HfNCl. 
 
3.2. Estimate of Tc by SCDFT 
 
Let us move on to the result of SCDFT. In the left panel of Fig.3, we show the SCDFT gap function of Li0.5ZrNCl 
and L0.5HfNCl, for which the contribution of the Coulomb interaction is dropped. The estimated Tcs are similar to 
those of the McMillan-Allen-Dynes formula for ∝ * = 0 . The advantage of the present approach is that we can 
consider the effect of the Coulomb repulsion without introducing any adjustable parameters. In the right panel of Fig.3, 
we show the result for which the Coulomb contribution is included. We see that Tc is less than half of the experimental 
Tc. 
 
Fig.3 Temperature dependence of the SCDFT gap functions for Li0.5ZrNCl and L0.5HfNCl. The thick arrows represent 
the experimental Tc. In the left (right) panel, the contribution of the Coulomb interaction is neglected (considered). 
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We then studied the doping dependence of Tc. Experimentally, it has been observed for LixZrNCl that Tc tends to 
be higher for smaller x (see Fig.4) [21,22]. On the other hand, we can see that Tc estimated by the present SCDFT 
calculation shows the opposite tendency. These results suggest that we need to go beyond the ME theory to understand 
the origin of high Tc superconductivity in layered nitride superconductors. 
 
 
Fig.4 Doping dependence of Tc  for LixZrNCl and LixHfNCl estimated by SCDFT. The experimental data were taken 
from Ref. [21] for the Zr compound and Ref. [22] for the Hf compounds. 
 
4. Conclusion 
 
We performed a comprehensive SCDFT analysis for layered nitride superconductors, β-MNCl (M=Zr, Hf). We 
found that Tc is ~4 K for the Zr compounds and ~10 K for the Hf compounds. The theoretical Tcs are less than half of 
the experimental values (10–15 K for the Zr systems and 19–26 K for the Hf systems) and the doping dependence of 
Tc is opposite to that of the experiment. The revealed discrepancy between the theory and experiment indicates the 
relevance of something ignored in the standard ME theory to the pairing mechanism of the doped β-MNCl.  
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